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Abst ract - -A  numerical integral-equation method is presented for the accurate solution of viscous 
flow problems in which there are inherent boundary singularities. Where applicable, this method 
has the advantage over existing singularity subtraction and singularity incorporation methods ince 
natural boundary conditions can be employed without any special form of pre~ or post-processing, 
Results are presented for the benchmark problem of Stokes flow in a lid-driven cavity. 
Keywords--Biharmonic equation, Numerical quadrature, Fredholm equations, Boundary singu- 
larities. 
INTRODUCTION 
The presence of one or more boundary singularities i known to affect adversely the convergence, 
with decreasing mesh- or element-size, of the numerical solution of partial differential equations. 
Symm [1] first demonstrated the efficacy of integral-equation methods for the solution of such 
problems by employing a so-called singularity subtraction method, in which the singularity's 
known functional form, in terms of a truncated series expansion with unknown coefficients, was 
subtracted from the entire solution before the numerical procedure was employed. Symm's orig- 
inal theory for harmonic boundary value problems was extended to biharmonic problems by 
Kelmanson [2,3]. 
Although both effective and accurate, the singularity subtraction method requires both extra 
theoretical and (often substantial) coding commitments since the original, physical problem has 
first to be pre-processed to solve numerically for a regular variable, which is subsequently post- 
processed for physical interpretation. To some extent, the problem of increased coding can be 
overcome by the singularity incorporation approach employed by Kelmanson [4] (for singular, 
nonlinear, second order problems) and Hansen and Kelmanson [5] (for Stokes flow problems). 
Like the earlier singularity subtraction method, the singularity incorporation approach builds in 
the aforementioned series form of the singularity, but on only those boundary elements closest o 
the singularity; in this way, the necessity for specialised coding is greatly reduced, being limited 
to the addition of a small number of dedicated integration routines. 
The present work introduces the method of singularity annihilation; it requires no extra coding 
whatsoever, elying totally on the utilisation of a suitable Green's function in the integral equation 
formulation. Essentially, if the boundary singularities can be placed in a region in which the 
Green's function (and suitable first derivatives) are sufficiently asymptotically small, then even 
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the most singular behaviour physically possible can be annihilated. The method is illustrated 
herein via application to the classic benchmark problem of the lid-driven cavity---see [3] for an 
extensive reference list. This problem was chosen since it contains an order O(r -1) (as r --* 0 +) 
singularity in the vorticity, the worst possible in a Stokes flow problem. 
FORMULATION 
We presently consider the problem of steady, two-dimensional Stokes flow in a square h x h 
cavity, one edge of which moves along itself with velocity U. If we non-dimensionalise with respect 
to both h and U, we obtain the problem depicted in Figure 1, which shows the unit square f~ 
within which a Stokes flow is generated by the plate, at y = 0, sliding in the +x direction with 
a unit velocity. In the notation of Figure 1, the boundary of f~, 0f~, is given by 
5 
0a = U ck. (1) 
k=0 
The reason for including the arcs Co and C2, both of radius p, is explained below. 
y=l 
y=O 
x=O X=l  > 
U;1  
Figure 1. Geometry for the non-dimensionalised problem. 
For Stokes flow, the velocity field u may be represented in terms of a biharmonic stream 
function ¢, 
u= \0y  , (2) 
where 
AA¢ = 0. 
In terms of the stream function ¢, the boundary conditions are: 
(3) 
~b(x,0) -- 0, ~b~(x, 0) = +1, 0 < x < 1; (4) 
¢ (1 ,y ) - -0 ,  ~bx(1, y) -- 0, 0<y<l ;  (5) 
¢(x, 1 )=0,  ~by(x, 1) - -0 ,  0<x < 1; (6) 
~b(O,y)=O, Cx(0, y) = 0, 0<_y<l .  (7) 
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Repeated application of Green's Symmetric Theorem, together with equation (3), yields the 
equation 
¢(x0,Y0)= fl - -~-u -A¢~-~+~-~AC-  ON )as ,  (8) 
in which (Xo, y0) E fl \ OFt, ~g represents differentiation with respect o the outward normal to fl 
at ( x( s ), y( s ) ) e OFt and G( x, y; xo, Yo ) is any Green's function satisfying 
z~a = -~ (l(x, y) - (x0, y0)l), (9) 
where 5 is the Dirac delta function. 
If boundary conditions (4) and (7) are used in a local analysis of ¢ in the vicinity of (x, y) = 
(0, 0) then, in usual polar coordinates, it is found that both A¢ and ~ are, respectively, of 
order O(r -1) and O(r-2), as r --* 0 +. A similar analysis may be undertaken i  the vicinity of 
(x, y) = (1,0). Equation (8) now implies that, unless G is suitably chosen, the integral over OFt 
is improper as p, the radius of the arcs Co and C2, tends to zero. There are no singularities at 
either (x, y) = (0, 1) or (x, y) -- (1, 1), where the analysis of Kelmanson [6] shows that ¢ there is 
of order O(r 3"73959) as r --* 0 +. 
Following Xu [7], Hansen [8], and Hansen and Kelmanson [5], the following Green's function is 
used: 
1 y y0 G (x - xo,y, yo) = ~ { ( x - z0) 2 + (y - y0) 2 } In (x - x0) 2 + (y + y0) 2 
(x - x0) 2 + (y - y0) 2 4r  " 
(10) 
Critical to the success of the present formulation is the fact that the Green's function of equa- 
tion (10) has the asymptotic behaviour 
- xo ,  yo)  = - { ix -  + 
(11) 
as y ~ 0 +, implying that both G and ~°c vanish on y= 0. The effect of this is twofold: the first 
and second terms on the right-hand side of equation (8) vanish along C1; the order O(y2), as 
y --~ 0 +, singularities in the integrand in (8) are naturally annihilated. Details of the annihilation 
are lengthy and therefore omitted. If we apply boundary conditions (4) to (7) and let p --* 0 +, 
we find that the contributions from both Co and C2 vanish, and the integrands along C3 and C5 
remain bounded as y --* 0 +. Thus, defining • by 
R = lim Ck , 
p-.-.*O+ ~, k=3 ) 
(12) 
we obtain the formula 
¢ (xo, Yo) = -ff~G - w-ff-~ ds 7= f (xo, Yo), (13) 
where, in this and the ensuing analysis, upper (lower) signs correspond, respectively, to the plate 
velocity +1 (-1) on y -- 0, the function f is defined by 
Y(x°'Y°)- lim {re O¢ } p-~o+ o -~-~AGds 
- ~r-Y°{tan-l(X°-l~-tan-l(x°)}\ Yo ] ~o ' (14) 
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and the shear stress on N is defined by 
- -  A¢ I (x ,y )~n • (15) 
If we take the Laplacian of equation (13) with respect to (xo,Yo) coordinates, we generate a 
second integral equation on R: 
fn ( Ow OAoG~ AO¢ (z0,Yo)= ~-~AoG-w~)  dsTg(xo,Yo), (16) 
where 
g (xo, Yo) -= Aof  (xo, Yo) 
2 (xo - xo ~ + y~) 
{ (xo - 1) + } + 
(17) 
Letting (Xo, Y0) --* R, we obtain the following coupled integral equations for the boundary distri- 
butions of both w and ~:  
0w -w~--~ ds - -~f (xo ,Yo) ,  
~(0~ OAoG'~ 
- I~(~° 'Y°)  + b-~ ~°C - ~- -5~)  d~ = +g(~o,yo), 
(18) 
(19) 
for (Xo, Yo) E N. If the boundary distributions of w and ~N can be obtained from (18) and (19), 
equation (13) can be used to obtain ¢ throughout ft. 
NUMERICAL  SOLUTION 
In order to solve for the boundary distributions of w and o,~ OW, we first discretise [7 into N rec- 
tilinear elements of equal length, Nj,j -=- 1, N, over each of which we assume that w and o~ 
are approximated by piecewise-constant variables wj and (~N)j, respectively. Equations (18) 
and (19) are then collocated at (xi,yi), the midpoint of •i, for i = 1 , . . . ,N .  This generates 
2N equations: 
E -~ Gds - wj ~ ds = ~f (xi, Yi), (20) 
j= l  j 9 J 
and 
j= l  J J J 
where 5~j is the Kronecker delta. 
The integrals over each subinterval ~j in equations (20) and (21) can all be evaluated ana- 
lyticaily, even when (xi, Yi) E Rj: again, the details are lengthy and are accordingly omitted. 
Solution of equations (20) and (21) is effected by means of the NAg Crout factorisation F04ARF. 
Having solved for wj and (o~) j ,  J = 1, . . . ,  N, the discretised form of equation (13), 
(xo, yo) = ~ G ds - ds ~ / (xo, Uo), 
j=1 J J 
(22) 
can then be used to solve for ¢(xo, Yo) at any (xo, Yo) E ~ \ R. 
Boundary Singularities 
Table 1. A comparison ofresults from three different methods. 
0.0149 0.0379 0.0553 0.0669 0.0745 0.0791 0.0817 0.0825 
0.0149 0.0378 0.0553 0.0669 0.0745 0.0791 0.0817 0.0825 
0.0148 0.0378 0.0553 0.0669 0.0745 0.0791 0.0817 0.0825 
0.0148 0.0378 0.0553 0.0669 0.0745 0.0791 0.0817 0.0825 
0.0150 0.0378 0.0556 0.0674 0.0747 0.0788 0.0807 0.0815 
0.0086 0.0277 0.0489 0.0675 0.0820 0.0920 0.0979 0.0998 
0.0086 0.0277 0.{)489 0.0675 0.0820 0.0920 0.0979 0.0998 
0.0086 0.0277 0.0489 0.0675 0.0820 0.0920 0.0979 0.0998 
0.0086 0.0277 0.0488 0.0675 0.0820 0.0920 0.0979 0.0998 
0.0068 0.0264 0.0480 0.0670 0.0815 0.0915 0.0972 0.0991 
0.0053 0.0182 0.0345 0.0509 0.0650 0.0756 0.0821 0.0843 
0.0053 0.0182 0.0345 0.0509 0.0650 0.0756 0.0821 0.0843 
0.0053 0.0182 0.0345 0.0509 0.0650 0.0756 0.0821 0.0843 
0.0053 0.0182 0.0345 0.0509 0.0650 0.0756 0.0821 0.0843 
0.0051 0.0178 0.0341 0.0504 0.0645 0.0751 0.0816 0.0837 
0.0031 0.0111 0.0219 0.0333 0.0438 0.0520 0.0572 0.0590 
0.0031 0.0111 0.0219 0.0333 0.0438 0.0520 0.0572 0.0590 
0.0031 0.0111 0.0219 0.0333 0.0438 0.0520 0.0572 0.0590 
0.0031 0.0111 0.0219 0.0333 0.0438 0.0520 0.0572 0.0590 
0.0028 0.0109 0.0216 0.0331 0.0435 0.0517 0.0569 0.0586 
0.0017 0.0061 0.0122 0.0190 0.0255 0.0307 0.0340 0.0352 
0.0016 0.0061 0.0122 0.0190 0.0255 0.0306 0.0340 0.0352 
0.0016 0.0061 0.0122 0.0190 0.0255 0.0306 0.0340 0.0351 
0.0016 0.0061 0.0122 0.0190 0.0255 0.0306 0.0340 0.0352 
0.0015 0.0059 0.0121 0.0189 0.0254 0.0306 0.0340 0.0351 
0.0007 0.0026 0.0054 0.0087 0.0119 0.0145 0.0162 0.0167 
0.0007 0.0026 0.0054 0.0087 0.0119 0.0145 0.0162 0.0167 
0.0007 0.0026 0.0054 0.0087 0.0119 0.0145 0.0162 0.0167 
0.0007 0.0026 0.0054 0.0087 0.0119 0.0145 0.0162 0.0168 
0.0010 0.0027 0.0054 0.0086 0.0119 0.0146 0.0164 0.0170 
0.0001 0.0006 0.0013 0.0023 0.0032 0.0040 0.0045 0.0047 
0.0001 0.0006 0.0013 0.0023 0.0032 0.0040 0.0045 0.0047 
0.0001 0.0006 0.0013 0.0023 0.0032 0.0040 0.0045 0.0047 
0.0001 0.0006 0.0013 0.0023 0.0032 0.0040 0.0045 0.0047 
0.0000 0.0002 0.0008 0.0018 0.0030 0.0042 0.0050 0.0052 
Key 
Present SA method, N = 50 
Present SA method, N = 100 
Present SA method, N = 150 
Kelmanson [3] SS method 
Karageorghis and Fairweather [9] BMFS method 
RESULTS AND DISCUSSION 
Tab le  1 presents  a compar i son  between the  s t ream funct ion  va lues  generated  by  the  s ingu lar i ty  
ann ih i la t ion  (SA)  method,  the  s ingu lar i ty  subt ract ion  (SS) method of Ke lmanson [3] and  the  
biharmonic method of fundamental solutions (BMFS)  of  Karageorgh is  and  Fa i rweather  [9]. For  
the  SA  method,  th ree  sets  of resu l ts  are presented:  those  for N = 50, 100 and  150 in equat ion  (22). 
In  Tab le  1, the  s t ream funct ion  is ca lcu la ted  at  56 equa l ly -spaced  (non-boundary)  po in ts  in the  
semi -so lu t ion  domain  0 < x <_ 1/2,  0 _< y _< 1; each sub-b lock  in row i and  co lumn j shows  a 
compar i son  of resu l t s  a t  (x,y) = (0 .0625 j ,  0 .125 i ) ,  i = 1(1)8, j = 1(1)7. I t  can  be  seen that  
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Figure 2. Streamlines obtained using N --- 50. 
results are almost independent of N; with only one or two exceptions, results are accurate to 
an absolute rror of 10 -5. On N, ¢ was found to be of order O(10-9), while for Y0 = 0, ~b was 
found to be of order O(10-17). Impressive agreement between the present SA technique and 
the SS technique (which requires ubstantially more coding) is evident: both sets of results are 
corroborated by those of the BMFS method. 
Figure 2 shows stream function contours in ~ generated using N -- 50 in equation (22). 
Figure 2 and Table 1 reveal that the vortex centre, where the stream function ¢ attains its 
maximum modulus, is located at (xc, Yc) = (0.5,0.24), in exact agreement with Burggraf [10], 
Pan and Acrivos [11] and Kelmanson [3]. In all cases, ¢(xc, Yc) : 0.0998. 
CONCLUSIONS 
An integral equation method has been presented which permits the accurate, efficient solution 
of singular Stokes flow problems. The method is able to use physical boundary conditions directly, 
requiring no pre- or post-processing. The method has been validated as accurate by application 
to a classic benchmark problem, which contains the most singular possible physical boundary 
conditions. 
In the event hat all boundary singularities cannot be placed on a line segment conformal to 
either a straight line or a circle, a recent result of Boyling [12] implies that no suitable Green's 
function exists. 
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